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Abstract. We study a model of inflation with terms quadratic and logarithmic in the Ricci
scalar, where the gravitational action is f(R) = R+αR2+βR2 lnR. These terms are expected
to arise from one loop corrections involving matter fields in curved space-time. The spectral
index ns and the tensor to scalar ratio yield 4 × 10−4 . r . 0.03 and 0.94 . ns . 0.99.
i.e. r is an order of magnitude bigger or smaller than the original Starobinsky model which
predicted r ∼ 10−3. Further enhancement of r gives a scale invariant ns ∼ 1 or higher. Other
inflationary observables are dns/d ln k & −5.2×10−4, µ . 2.1×10−8, y . 2.6×10−9. Despite
the enhancement in r, if the recent BICEP2 measurement stands, this model is disfavoured.
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1 Introduction
The first data released from the Planck satellite had great implications for cosmic inflation
and constrained many inflationary scenarios [1]. Higher-curvature term driven inflation,
a.k.a. Starobinsky model [2], nicely lies in the center of the maximum likelihood contours
of PLANCK [1]. The Starobinsky models adds a term quadratic in the Ricci scalar to the
Einstein-Hilbert action, which provides for a regime of slow-roll inflation, asymptoting to de
Sitter space at large R. Although fourth order in derivatives, the model is ghost-free and
unitary [3], see also [4, 5] for further analysis, and a recent one in [6]. The full action is
conformally equivalent to the Einstein gravity plus a dynamical propagating scalar field with
a scalar potential. For large field values, the potential approaches a plateau exponentially
fast providing asymptotically an effective cosmological constant. However, this model is ruled
out if the recent BICEP2 [7] result stands.
Initially, this model was based on the observation that the one-loop effective action of
quantum fields coupled to gravity contains higher order curvature terms. In a particular
limit, these are given to leading order by terms quadratic and logarithmic in the Ricci scalar.
In its original spirit however (computing the R2 coefficient just from the SM sector), this
setup failed to yield observationally viable inflation because it produced too much curvature
perturbations. Originally, the Starobinsky model arose from two corrections to the Einstein-
Hilbert action: a vacuum polarization and a particle production effective term. The first
provides a contribution with an R-dependence of the form (α˜R2 + bR2 ln(R/µ)) with µ the
renormalization scale and α˜, b coefficients completely determined by the number and spin
of the fields present in the theory. The second contribution is quadratic in R (∝ R2) with
arbitrary proportionality constant. The sum of both provides a Starobinsky setup with
an effective action described by a function f(R) given by R + αR2 + βR2 lnR, in which
α = (1 − b lnµ)α˜ and β = b. What is concurrently called the Starobinsky model simply
corresponds to α = 1/6M2, β ' 0. It is important to note that in this model, we choose
M appropriately to fix the correct magnitude of the primordial power spectrum, while the
R2 logR term is generally discarded as being negligible. This approximation is valid if we
compute β using just the Standard Model sector degrees of freedom. However, if we consider
gravity as an effective theory with usually additional degrees of freedom, such as e.g. in string
theory with its many vacuum solutions, β becomes effectively an adjustable parameter.
Hence, in the present letter we will study the observational implications generated by
the introduction of such term. More precisely, we will treat it as a correction and compute
the bounds on β to still have a phenomenologically viable cosmological model considering
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the present constraints from inflation. A potentially appealing property of the model at the
classical level is the fact that for certain range of parameters the model pushes the Big Bang
singularity to the infinite past t → −∞ [8]. This would be interesting, since inflationary
models with a scalar field are past incomplete and reach the Big Bang singularity in a finite
time [9]. However, this original motivation for the Starobinsky model failed because of
instabilities against quantum mechanical decay [10].
The Starobinsky model has another important property that at large scalar field val-
ues χ  1 , the potential approaches a constant exponentially, thus having an approximate
shift symmetry at large values (in absence of the linear term R the model has an exact shift
symmetry). Therefore, deformations such as Rn, considered for example in [11] break the
shift symmetry. The lnR correction we use here has the advantage of spoiling the shift
symmetry useful for realizing inflation only weakly.
While this manuscript was prepared for publication, [12] appeared analyzing deviations
from the Starobinsky model of the form f(R) = R+αR2(1−γ)m4γP l. Our analysis corresponds
to the “first order” case with γ  1, which limits the amount of tensor modes to r < 0.03 for
ns < 1. Achieving higher r to better match the BICEP2 results [7] requires adding higher-
order terms in f(R). Adding these terms, or re-summing an infinite series of Rn corrections
into a functional form ∆f(R) usually requires UV information (the choice αR2(1−γ) in [12]
was given without a UV embedding).
2 Formulation
The starting point is to postulate the Jordan frame action in four spacetime dimensions
S =
m2Pl
2
∫
d4x(−g)1/2f(R), (2.1)
where modifications to the Einstein-Hilbert term are encoded in
f(R) = R+ αR2 + βR2 lnR. (2.2)
The two phenomenological parameters α, β in the action will be fixed momentarily and we
work in units of mPl = 1. The Einstein frame action can be reached by a Weyl transformation
of the metric
gEµν = e
χ˜gµν , (2.3)
where the dimensionless Weyl scalar field is defined as
eχ˜ ≡ f ′(R) = 1 + (2α+ β)R
[
1 +
2β
2α+ β
lnR
]
. (2.4)
where the potential is given by
V = m2Pl
(α+ β)R2
2f ′2
(
1 +
β
α+ β
lnR
)
= m2Pl
(α+ β)R2
(
1 + βα+β lnR
)
2
(
1 + (2α+ β)R
[
1 + 2β2α+β lnR
])2 . (2.5)
Taking the limit of β → 0 reproduces the Starobinsky model. Recovering dimensions and
multiplicative factors for the dynamical field χ ≡ (3/2)1/2mPl χ˜, the action canonical in the
metric and scalar field reads
SE =
∫
d4x(−gE)1/2
(
m2Pl
2
RE − 1
2
(∂µχ)
2 − V (χ)
)
, (2.6)
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The inversion of (2.4) gives R in terms of the Lambert function, also called ProductLog, Wk:
R =
(
eχ˜ − 1)
2βWk(X)
, X ≡ e
χ˜ − 1
2β
e(2α+β)/2β (2.7)
where Wk is the Lambert function of branch k = 0 for β > 0, and , k = −1 when β < 0 .
The exact form of the potential for the scalar in the Einstein frame is
V (χ˜) = (1− e−χ˜)2 1 + 2Wk(X)
16βWk(X)2
=
(1− e−χ˜)2
8α
α(1 + 2Wk(X))
2βWk(X)2
≡ Vsα(1 + 2Wk(X))
2βWk(X)2
(2.8)
where it is evident that the inclusion of the quantum terms is a correction to the Starobinsky
potential Vs. All inflationary predictions can be readily derived from the above potential.
However, for the sake of clarity, we will now simplify it considerably. The approximations
below work extremely well for |β|  α. For larger β one should use the exact potential.
While in these cases r is enhanced for β < 0, ns & 1 so we don’t consider this case.
We work out the approximation as follows. The equation (2.4) can be inverted and
solved for R using the iterative method
R =
eχ˜ − 1
2α+ β + 2β lnR
, (2.9)
The zeroth level solution is the Starobinsky solution
R(0) =
(
eχ˜ − 1)/(2α), (2.10)
the leading order reads
R(1) =
eχ˜ − 1
2α+ β + 2β lnR(0)
(2.11)
. . . the n-th level
R(n) =
(
eχ˜ − 1)
2α+ β + 2β lnR(n−1)
(2.12)
To conclude, R(n) expands the Lambert function in the limit Wk(X) 1, i.e when |β|  α,
recovering thus (2.7). In our analysis, it is accurate enough to consider the just leading order
in R , the potential thus becomes
V ' Vs
1 + β2α +
β
α lnR
(0)
=
Vs
1 + β2α +
β
α ln [(e
χ˜ − 1)/2α] . (2.13)
The behaviour of the potential depends on the sign of the β parameter as can be seen
in figure 1. For β > 0 the potential becomes unstable with a runaway direction χ˜ → ∞.
However, rolling towards the origin, one gets a hill-top type model. On the other hand, for
β < 0 the potential tilts upwards,1 potentially giving rise to enhanced tensor to scalar ratio
r. We analyze the phenomenology of both scenarios in the next section.
1It should be mentioned that the field range for which f ′ is positive, is limited in this case. Since the
model is an effective description of a full UV theory we rely on the fact that this issue would be solved in the
complete theory. Nevertheless, the inflationary phase is always within the allowed region.
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Figure 1. The potential V (χ˜) for β = 0 , |β| ∼ 0.02α and α = 1.2 × 109. For β > 0 the potential
becomes unstable and has a runaway direction and a hill-top model, thus reducing r. For β < 0 the
potential tilts upwards, giving a larger slope thus enhancing r.
2.1 Inflationary observables
In order to discriminate models of inflation, the scalar power spectrum of curvature is
parametrized as follows [1]
P(k) = 1
24pi2
V

= As
(
k/k?
)ns(k?)−1+ 12dns/d ln k ln (k/k?)+... , (2.14)
where the subscript star indicates the pivot scale. For PLANCK it is k? = 0.05 Mpc
−1. The
amplitude As of the scalar power spectrum is measured to be As ' 2.2 × 10−9. ns is the
spectral index of the power spectrum. All CMB measurements show a nearly scale-invariant
power spectrum, ns . 1. The second-order contribution to the power spectrum is the running
of spectral index dns/d ln k, which measures how fast ns is changing across modes. In the
case of slow-roll inflation, the following slow-roll parameters are defined to assist preliminary
examinations of the model [1]
 =
1
2
V ′2
V 2
, η =
V ′′
V
, ξ2 =
V ′V ′′′
V 2
, (2.15)
where a prime denotes derivation with respect to the scalar field φ for a potential V (φ).
Notice that the second-order slow-roll parameter ξ2 by convention can have any sign, and its
superscript only indicates the order.
When the running of ns is insignificant, then ns, r, and dns/d ln k can be expressed to
first-order in terms of the above slow-roll parameters [1],
ns ≈ 1 + 2η − 6 , (2.16)
r ≈ 16 , (2.17)
dns
d ln k
≈ 16η − 242 − 2ξ2 . (2.18)
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In this paper, all CMB observables are evaluated between 50 and 60 e-folds before the
end of inflation, and we refer the point where we evaluate them to the CMB point and
inflation ends when  = 1. The tensor-to- scalar ratio, which is measuring the fractional
power in primordial gravitational waves generated during inflation, directly relates to the
scale of inflation. Moreover, in inflationary cosmology large values of r are detectable via the
B-mode polarization of the CMB. BICEP2 [7] has recently claimed a detection of B-modes.
If interpreted in the context of inflationary cosmology, their result corresponds to a tensor-
to-scalar ratio with peak likelihood values r ∈ [0.12, 0.2] and 1 − σ error of about ±0.05.
According to PLANCK constraints [1], the tensor to scalar ratio is restricted by r < 0.11,
the running of the spectral index by dns/d ln k = (−0.013± 0.009) and the spectral index by
ns = (0.961 ± 0.007) at 95%CL. Hence, PLANCK is definitely in tension with the BICEP2
measurement. Alternatively, a recent analysis [13] suggested an increase in the spectral
index to ns = (0.9671± 0.0069), and a 2-sigma contour of r which allows it to be as large as
r ∼ 0.2 thus relieving the tension between the BICEP2 and PLANCK measurements.
CMB and large scale structure (LSS) observations only probe a limited range of the
scalar power spectrum, namely the wave-numbers H0 . k . 1 Mpc−1, which corresponds to
the first ∼8.4 e-folds after φCMB. However, constraints on smaller scales, therefore larger
wave-numbers, play a crucial role in further constraining inflationary models. New types
of observables have been proposed to serve this purpose [14–16]; in particular, the spectral
distortions of the near-blackbody CMB spectrum [17] can provide an important model inde-
pendent constraint on the power spectrum at scales inaccessible by current CMB and LSS
observations. The spectral distortions depend on all quantities involved in parametrizing
the primordial scalar power spectrum (2.14), at wave-numbers 1 . k . 104 Mpc−1, and are
expected to be measured in near future experiments by PIXIE or PRISM, [18, 19]. For
example, simple single-field models with a constant tilt ns = 0.96 without any higher order
contributions would give µ ' 1.4 · 10−8 and y ' 3.3 · 10−9. On the other hand, once included
the running and running of running of the spectral index, enhancement of the power spec-
trum on the aforementioned scales will subsequently amplify the spectral distortions signal.2
Following [17], one can compute approximately both types of spectral distortions as integrals
over k
µ ≈ 2.2
∫ ∞
kmin
Pζ(k)
[
exp
(
− kˆ
5400
)
− exp
(
−
[
kˆ
31.6
]2)]
d ln k ,
y ≈ 0.4
∫ ∞
kmin
Pζ(k) exp
(
−
[
kˆ
31.6
]2)
d ln k , (2.19)
where Pζ(k) = 2pi
2P(k)/k3, kmin ≈ 1 Mpc−1, kˆ = k Mpc.
3 Phenomenology
Using the definitions in (2.15) and the potential from (2.13) we calculate the slow roll pa-
rameters as deviations from the Starobinsky model. These expressions are denoted by a
2A rather interesting possibility are models with ∆φ . 1 where detectable r > 0.01 implies enhanced
scale dependence of ns and in particular enhancement of power on small scales [20]. A further outcome of
these models is enhanced spectral distortions. Such models could relieve the tension between PLANCK and
BICEP2, so the measurement of spectral distortions could confirm or rule out these models.
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Figure 2. r vs. β ( left ) and ns vs β ( right ). The colored region corresponds to 50-60 e-folds of
inflation.
subscript s. Defining δ = β/α
1+ β
2α
+ β
α
ln[(eχ˜−1)/2α] , the slow-roll parameters in terms of δ read
(up to corrections of O(∂2χ(lnRs)) = O(0.01) to the numerical coefficients):
 = s − δ
√
4s
3
+
δ2
3
(3.1)
η = ηs − δ
√
16s
3
+
4
3
δ2 (3.2)
ξ2 = ξ2s − δ
(
2
√
3sηs +
ξ2s√
3s
)
+ δ2 (8s + 2ηs) +O(δ3). (3.3)
By using these relations in (2.16) and (2.17) we obtained the observables
ns = (ns)s + δ
√
16s
3
(3.4)
r = rs + 16
(
−δ
√
4s
3
+
δ2
3
)
(3.5)
dns
d ln k
=
(
dns
d ln k
)
s
+
1√
3
(323/2s − 20
√
sηs + 2ξ
2
s/
√
s) · δ + 4
3
ηs · δ2 +O(δ3) (3.6)
The number of e-folds in our model can be approximated by
N ' −
3 log
[
1− δ2
3s
1− δ2
3
]
− 6 Arctanh
[
δ√
3s
]
δ(2 + δ)
(3.7)
By demanding N ∼ 50− 60 and requiring the correct normalization of the power spectrum,
we obtained the behaviour of the spectral index, the tensor to scalar ratio and the running
as a function of β. The left panel in figure 2 presents r vs. β/α. The right panel is ns
vs. β/α. The coloured region denotes the values corresponding to 50 − 60 e-folds. For
example β/α ∼ −0.3, r ∼ 0.025, nearly an order of magnitude larger than the Starobinsky,
β = 0 prediction. However, this comes at a price of ns ' 0.995 making it disfavoured even
considering [13]. In figure 3 we plot our predictions for 50− 60 e-folds in the ns − r plain on
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Figure 3. The predictions of the model corresponding to 50-60 efolds of inflation in the r vs ns plane.
In the left panel, we have overlaid our result (green region) on the BICEP2 2σ contours. As one can
see, our result is beyond the 2σ level of BICEP2 [7]. On the right panel, we have overlaid our result
(red region) on the PLANCK 2σ contours as extended by [13]. The black line on the left indicates
the predictions for the quadratic potential. As one can see, our result for ns barely hits the 2σ level
allowed by [13] analysis of PLANCK data when r & 0.02.
top of the BICEP2 contours (left) and the analysis of [13] (right). Other predictions for 60
e-folds are dns/d ln k & −5.2× 10−4, µ . 2.1× 10−8, y . 2.6× 10−9.
The behaviour in the (ns, r) plane agrees the results of [12] for γ  1. One way of
obtaining higher r to better match the BICEP2 results [7] requires summing an infinite
series of Rn corrections in order to achieve the functional form f(R) = R + αR2(1−γ) as
in [12]. Typically, one would require UV information for such a summation which was not
given in [12].
In the case of β > 0 we obtain a hill-top model. By repeating the above analysis for
β > 0, the results are 0.94 . ns . 0.96, in accordance with PLANCK measurements, the
tensor to scalar ratio 4 × 10−4 . r . 4 × 10−3 with running dns/d ln k & −5 × 10−4 and
spectral distortions µ . 1.6× 10−8 , y . 2.2× 10−9. This region of the parameter space will
be ruled out if the BICEP2 result stands.
4 Conclusions
In this letter we analyzed the dynamics of inflation in a variant of the Starobinsky model
specified by the function f(R) = R+ αR2 + βR2 lnR in the light of PLANCK and BICEP2
data. This particular choice of f(R) arises by taking into account quantum gravity corrections
discussed e.g. in [8]. While mostly taken to be small in earlier work, we have worked out the
effects of the logarithmic correction here. Since we are ignorant about the full UV description
of gravity, we regard the coefficient β as arbitrary. Depending on the sign of β we found
that the predictions of the original Starobinsky model are significantly modified. The β > 0
case induces a runaway direction as χ→∞ and suppresses r, now disfavoured by BICEP2.
For β < 0, the tensor to scalar ratio, r, increases along with ns. A tensor to scalar ratio of
r ∼ 0.03 yields ns & 0.99. Further enhancement of r implies too large ns (unless higher-order
terms beyond R2 ln R are added, as e.g. in [12]). Thus, when we combine the PLANCK and
BICEP2 results they disfavor the β < 0 modification as well.
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